Extending the works arXiv:1504.05991 and arXiv:1510.02142, we study three dimensional Euclidean higher spin gravity with negative cosmological constant. This theory can be formulated in terms of SL(N, C) Chern-Simons theory. By introducing auxiliary fields, we rewrite it in a supersymmetric way and compute its partition function exactly by using the localization method. We obtain a good expression for the partition function in terms of characters for the vacuum and primaries in 2D unitary CFT with WN symmetry. We also check that the coefficients of the character expansion are positive integers and exhibit Cardy formula in the large central charge limit.
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I. INTRODUCTION
3D quantum gravity is always a fascinating toy model of the realistic 4D quantum gravity. In [1, 2] , the authors considered 3D pure AdS gravity partition function. It is well known that 3D Euclidean Einstein gravity with negative cosmological constant can be formulated in terms of the Chern-Simons (CS) theory with the gauge group SL(2, C) [3, 4] . Furthermore, by introducing only auxiliary fields, this theory can be written in a supersymmetric way. Based on this observation, the authors applied the localization technique to the 3D Euclidean Einstein gravity, and under certain assumptions, obtained the quantum gravity partition function [1] and arrived at plausible CFT interpretations [2] .
Similarly, the CS theory with the gauge group SL(N, C) describes 3D higher spin gravity with negative cosmological constant, where gravity is coupled to symmetric tensors of spin 3, 4, · · · , N [5] . Then it is very natural to generalize our previous works [1] and [2] , where the gauge group is SL(2, C), to SL(N, C) for exact path integral of the higher spin gravity. In fact, in our previous work [2] for the SL(2, C) case, we have seen that in the semi-classical limit, we can express the exact partition function as summation over vacuum and primary characters. In this paper, we will see that this nice expression holds even in the higher spin gravity case where the gauge group for the CS theory is SL(N, C) and the partition function is written in terms of characters of 2D W N CFT.
Another motivation to study the 3D higher spin gravity is the recent progress on the Vasiliev higher spin theory [6] , which has brought much attention in the context of AdS/CFT correspondence. In contrast to usual AdS/CFT, the Vasiliev theory is expected to be dual * masazumi.honda@weizmann.ac.il † iizuka@phys.sci.osaka-u.ac.jp ‡ akinori.tanaka@riken.jp § terasima@yukawa.kyoto-u.ac.jp to vector-like CFT as discussed earlier in [7] . While string theory at high energy has been suspected to have higher spin symmetry [8] , spectrum of the Vasiliev theory is fairly different from the one of typical string theory and how the Vasiliev theory is related to string theory is still mysterious. Furthermore it is known that in a black hole solution of the Vasiliev theory, horizon itself is a gauge dependent concept (see e.g. [9] ). Thus the higher spin gravity has various unusual properties and should be studied more quantitatively. The Euclidean action of the 3D higher spin gravity is given by
where
In this paper, we consider the case, where the subgroup SL(2, C) ⊂ SL(N, C) is embedded in the principal embedding [30] . Then the gauge field is related to the generalized vielbein e and spin connection ω by
where is AdS scale. One can denote the metric and higher spin fields in terms of trace invariants of the vielbein [11, 12] such as g µν ∼ Tr(e µ e ν ), φ µνλ ∼ Tr(e (µ e ν e λ) ), for example. The CS level k is related to the Newton constant by k = 3 /2G N N (N 2 − 1). By generalizing the Brown-Henneaux's work [13] , we can show that central charge c Q of asymptotic symmetry group in the higher spin gravity is given by [11, 14] c Q = kN (N 2 − 1) = 3 /2G N . The quantization condition for the SL(N, C) group is k ∈ Z (see e.g. [15] ). However the isometry of AdS 3 is SO(3, 1), which is locally SL(2, C) ⊂ SL(N, C). If we considered the CS theory with the gauge group SO(3, 1), then the quantization condition is k/4 ∈ Z [16] . Since SL(N, C) group corresponds to the theory of Einstein gravity (s = 2) with higher spin fields (2 < s ≤ N ) and we can always set the higher spin fields to be zero, we expect that the correct quantization for k is still k/4 ∈ Z even for N > 2, and this leads to c Q /24 ∈ Z. We will see later that the condition c Q /24 ∈ Z guarantees that convergent and modular invariant partition function does not vanish.
In this paper we exactly compute the partition function of the higher spin gravity
by generalizing the previous work for the pure Einstein gravity corresponding to SL(2, C) [1] . For this purpose, we shall first define the path integral measure for the higher spin gravity in terms of the Chern-Simons formulation. In the path integral of the higher spin gravity, e and ω can take all possible values, corresponding to all possible bulk topologies, with a given asymptotic AdS boundary condition. Through the relation (3), this data for e and ω is mapped into the data for the gauge bosons A andĀ. On the other hand, in the usual quantum field theory without gravity, we shall regard two ChernSimons theories living on the different bulk topologies as different theories. Hence, to take an appropriate measure for the quantum gravity, we expect
and need to consider possible bulk topologies contributing to the partition function. However our localization argument gives the answer to this sum; the bulk topology sum in the right hand side of (5) is given by the modular sum (Rademacher sum) with fixed topology D 2 × S 1 , a solid torus [1] .
To see this, let us recall that when we perform the localization calculation, configurations which contribute to the path integral are only around the localization locus. In this case, the metric and spin connection path integral DeDω is replaced as DADĀ, but only the locus F µν = 0 contributes to the path-integral, and F µν = 0 is the same as the classical equation motion of the higher spin gravity including the Einstein equation! Since all the known classical solutions of the higher spin gravity have the topology D 2 × S 1 , a solid torus (see e.g. [9, 10] for the known solutions), this would justify our claim that the partition function has contribution only from the bulk topology D 2 × S 1 . However this does not fix the bulk geometry for the gravity path integral completely. This is because the boundary of D 2 × S 1 has topology of torus parametrized by complex structure τ . One can recall that both τ and −1/τ gives the same asymptotic AdS boundary condition with the solid torus, D 2 × S 1 bulk topology, but one corresponds to the thermal AdS while the other corresponds to the non-rotating BTZ black hole [17] . Although they are physically different, both of them have asymptotic AdS metric. Therefore we need to sum over all the consistent choices for the complex structure τ . This is simply because in the localization calculation, we have to sum over all the possible configurations of the localization locus. For that, we ask which circle on the boundary torus is contractible and this information is labeled by cosets of SL ( As a result, we are left with the sum over the integers c ≥ 0 and d and this gives the modular sum (Rademacher sum). Physically this is 'roughly' equivalent to conducting the summation over all the bulk solutions as farey tail [18] [19] [20] . But the localization gives more justification for this procedure.
Furthermore we assume holomorphic factorization of the partition function since the action (1) is written as sum over holomorphic part A and anti-holomorphic part A as [16] . Then all of these considerations lead us to
for the quantum gravity path integral, under the assumption of the localization at works. Thus the partition function takes the form
This factorization is actually reasonable in the localization method. This is because we regard A andĀ as the independent variables and take the saddle point approximation for all of their locus. Since we need to sum over all the locus, the locus for A andĀ need to be added independently as (6) .
In the rest of this paper, we focus on the holomorphic part of the partition function and exactly compute this by the localization method. Then we give a dual CFT interpretation for the holomorphic part. As a conclusion we find that the partition function has a natural interpretation [31] from 2D unitary CFT with W N -symmetry.
II. LOCALIZATION
Now we compute the holomorphic part of the partition function (7) of the CS theory on a space of the topology D 2 × S 1 with appropriate boundary conditions. Since SL(N, C) is the complexification of SU (N ), and for technical reason, we consider localization of SU (N ) ChernSimons theory first, and then perform analytic continuation after the localization computation is done. Now let us consider the following particular space of the topology
Here, instead of the pure CS theory, we supersymmetrize the CS theory on this space by introducing the 3D N = 2 vector multiplet V = (A µ , σ, D, λ,λ) and compute its partition function by the localization technique [22] :
where Z c,d is the holomorphic partition function in (7) of the supersymmetric CS theory with fixed choice for (c, d). In gravity, the appropriate boundary condition for the metric is the choice giving asymptotic AdS boundary condition, which is Dirichlet boundary condition, rather than Neumann boundary condition [32] . Then we can take the following boundary condition, keeping supersymmetry,
where all of them are proportional to the Cartan of SU (N ). As a deformation term of the localization, we choose N = 2 supersymmetric Yang-Mills term on the geometry (8):
Then localization locus is given by the flat connection F µν = 0, which is equivalent to the classical equation motion of the higher spin gravity including the Einstein equation. This is the reason why our topology sum is only for the D 2 × S 1 in (5), (6) and (7). Since we have added just auxiliary fields, one might think that this does not affect final result at first sight. However we propose that this gives the following two effects. First, the CS level is renormalized as k → k eff = k + 2. While the CS level shift generally occurs, we lack of a priori explanation that the renormalization for k by two shift. We will see later that our result has a natural interpretation from a dual CFT with the central charge k eff N (N 2 − 1), which matches with the correct central charge extracted from the asymptotic symmetry analysis [11, 14] if the correct renormalization is k → k eff . From this observation, we claim that the CS level is renormalized as k → k eff = k + 2. Second, there are extra (N − 1) massless fermionic degrees of freedom localized at the boundary only in the classical limit k → ∞. The boundary condition (10) kills the gaugino mass termλλ at the boundary and this implies that the (N − 1) boundary localized fermions appear in the classical limit k → ∞. The origin of (N − 1) fermions could be associated with the number of Cartan generators of the SU (N ). This is because these Cartan elements of the fermion commute with the gauge field, a µ in (10) . By using the doubling trick, it is easy to see that classical solution for the fermion admits the boundary localized fermion wave function [1, 2] . Although it is a priori unclear if the boundary fermions exist also for finite k, there is apparently no reason to expect the existence of the boundary fermions for finite k. Indeed the result of [1] for N = 2 shows that Z hol for k eff = 4 is equal to conjectural J-function by Witten [16] , which agrees with the extremal CFT partition function of Frenkel, Lepowsky and Meurman [24] . This fact suggests that there is no boundary fermions for k eff = 4. Thus we propose that the boundary fermions exist only in the large k limit.
By using the results of [1, 22] , we obtain Z c,d as
where α runs the positive root of SU (N ) and a ϕ and a t E take appropriate values as explained below. The first and second terms come from the classical contribution [25] and the one-loop determinant in the localization, respectively.
In order to compute Z c,d , it is sufficient to compute the case of non-rotating BTZ black hole [9, 17] , namely (c, d) = (1, 0). Since BTZ black holes are solutions for the SL(2, C) case and we are considering generic SL(N, C) case, how we describe BTZ black holes in SL(N, C) depends on how we embed the SL(2, C) sector into the whole SL(N, C). As we claim before, here we choose principal embedding, and there L 0 is given by
Given this, let us recall the boundary condition for the holonomy in the case of the non-rotating BTZ black hole. In N = 2 case, it is given by [1] :
where L 0 is given by N = 2 case of (13). Since BTZ black hole solutions without higher spin charges in the higher spin gravity theory are just embedding of the SL(2, C) sector into the whole SL(N, C), the condition (14) is still true for generic N if L 0 is replaced by N × N matrix representation in SL(N, C) given by (13) . To see this more explicitly, note that in the higher spin gravity, a BTZ black hole is written as (see [9] , but take care the difference for the convention i and periodicity for t E )
where L 1 , L −1 are N × N matrix principal embedding. More explicitly, see appendix A in [10] . Diagonalizing this matrix by gauge transformation, and using the smoothness condition at the horizon, namely eq. (2.20) of [9] , we obtain
which is exactly the same form as (14) , though L 0 is given instead by N × N matrix (13). Therefore we obtain, for generic N case,
(17) Plugging this into (12), we find (See appendix for more detail.)
Then Z c,d can be obtained by the modular transformation of
. This leads us to
where a m is defined by
Next we perform the summation over (c, d) GCD in (7). We regularize this summation by Rademacher sum [26] as in the N = 2 case [1] and obtain the following holomorphic partition function for the pure higher spin gravity
where k eff = k + 2 and q = e 2πiτ , and 
and so on. It is straightforward to obtain explicit form for N ≥ 5, and N = 2 case is the one obtained in [1] .
As we have discussed in [1] , for m < 0 in R (m) (q), m needs to be integer; This is because R (m) (q) = q m + (non-singular terms) in q → 0 limit for m < 0. Therefore q m dominates in the RHS, and then the modular invariance requires that m should be integer. See also Proposition 5.4.2. in [27] . Note that the quantization condition k ef f /4 ∈ Z guarantees c Q /24 ∈ Z with c Q = k eff N (N 2 − 1). Therefore, this guarantees that
+m) (q) in (21) and (23) are always integer.
III. DUAL CFT INTERPRETATION FOR LARGE k
As discussed above, (N − 1) boundary localized fermions are expected to exist in the large k limit, and a contribution from each fermion to the partition function is expected to be
as is discussed in [1, 2] . Since these boundary fermions are decoupled in the large k limit, we claim that (holomorphic part of) 'bulk pure higher spin gravity' partition function is given by
In this section we discuss properties of Z large k HigherSpin (q) and its dual CFT interpretation. For this purpose it is convenient to use the following representation of the Rademacher sum R (m) (q)
Here the sum for A c (m, n) is only for d and I 1 (z) is the modified Bessel function of the first kind. Since the (const) term is regularization dependent, here we simply set the (const) term to be zero for convenience. By plugging the expression (26) into (21), and by using (20) and the identity
we find
where c Q = k eff N (N 2 − 1) and
Then Z large k
HigerSpin becomes
Note that the first factor is the same as the character of the Verma module constructed from the vacuum |0 in W N CFT (see e.g. sec. 6.3.2 of [28] )
where the vacuum satisfies
s represents spin and W (s) n is the generator of the W Nalgebra. In particular, W (s=2) n is the Virasoro generator L n . From this vacuum, we can construct eigenstates of
is plotted to √ k eff for (N, ∆) = (2, 1), (3, 1), (3, 2), (4, 1) and (4, 2). The solid lines denote the Cardy formula including the sub-leading corrections, which is explicitly written in (37).
Note also that the vacuum character takes the same form as (holomorphic part of) the one-loop partition function of the higher spin gravity on AdS 3 [29] . Similarly, the last factor in (31) is the same as the character Z (∆) primary of the Verma module generated by the state |∆ satisfying W
Thus we find the following nice expansion for the partition function in terms of the characters of the vacuum and primaries,
Furthermore we also claim that c 
We can also see that the O(q ∆ ) coefficient c (k eff ) ∆ exhibits the Cardy formula in the large k limit. Since the modified Bessel function asymptotically behaves as
in the summation (27) for c(m, n), the c = 1 term gives most dominant contribution in the large k limit. Noting
This immediately shows that the coefficients c
of the characters asymptotically behave as
This perfectly matches with the Cardy formula for 2D CFT in the large central charge limit c Q → ∞, which is the same as the large k limit, and therefore this result agrees with the entropy of higher spin black hole [9] . It is also easy to compute sub-leading corrections to the Cardy formula. Taking into account the leading and sub-leading orders, we find, for example,
= 2π c Q ∆ 6 + log 384 · 6 
Similarly, computations of any higher order corrections to c
expansion is straightforward. These formula give good approximation for precise value of c 
IV. SUMMARY AND DISCUSSION
In this paper we have studied the partition function of the 3D higher spin gravity with negative cosmological constant by generalizing the previous works [1, 2] on the pure Einstein gravity. We first rewrite the higher spin gravity in the supersymmetric way and exactly compute the partition function of this theory by using the localization method. The final answer of the partition function is written in a nice way in terms of the characters for the vacuum and primaries in 2D CFT with W N -symmetry. We also check that the coefficients of the character expansion are positive integers and exhibit the Cardy formula in the large central charge limit.
In our procedure, we have assumed that the supersymmetrization does not essentially change the partition function but gives the following two effects: First, we assume that the CS level is renormalized as k → k eff = k + 2. Although the CS level shift for compact gauge group is usually dependent on the rank of the gauge group or zero, we claim that the renormalization is nonzero but independent of N . As a result, our final result has the natural interpretation from the dual CFT with the central charge k eff N (N 2 − 1), which matches with the central charge extracted from the asymptotic symmetry analysis [11, 14] . It is interesting if one can justify this by some arguments. Second, we assume that there are the extra (N − 1) fermions localized at the boundary only in the classical limit k → ∞. There is apparently no reason to expect the existence of the boundary fermions also for finite k. Indeed the result of [1] for N = 2 shows that Z hol for k eff = 4 is equal to conjectural J-function by Witten [16] and suggests that there is no boundary fermions for k eff = 4. Thus we propose that the boundary fermions exist only in the large k limit.
We have also assumed that the summation over the topologies in the quantum higher spin gravity has the contributions only from the topology of the solid torus. Our localization argument shows that the higher spin gravity partition function is given by configurations around the localization locus F µν = 0, which is the same as the classical equation motion of the higher spin gravity including the Einstein equation. Since all the known solutions of the 3D Einstein equation have the topology of the solid torus, this would justify our assumption.
Note that all of the localization locus F µν = 0 which contribute to our final expression for the partition function are BTZ black holes. In other words, since the partition function (4) corresponds to the zero chemical potential for higher spin charge, our results are expressed in terms of summing over higher-spin-charge neutral black holes, and small fluctuations around those are characterized by W N algebra. These small fluctuations give exactly the one-loop partition function of the higher spin gravity on AdS 3 [29] and contains nonzero higher-spincharge states. The appearance of the W N -symmetry is natural since this is the same as the asymptotic symmetry of the higher spin gravity [11, 12] . The coefficients c (k eff ) ∆ of the character expansion are positive integer and exhibit the Cardy formula in the large k limit.
It is interesting to introduce nonzero higher-spincharge chemical potentials. Then, the localization locus contributing to the final answer are black holes with nonzero higher-spin-charges. For example, let us consider introducing a chemical potential for the spin-3-charge.
The effects of introducing such a chemical potential is reflected as the change of the boundary condition for the gauge fields. More concretely, eq. (15), which we use for the case of zero chemical potential, must be replaced by eq. (3.13) of [9] for the case with nonzero spin-3-charge chemical potential [33] , where L and W in eq. (3.13) are related to the spin-3-charge chemical potential µ and temperature τ by eq. (3.25) of that reference. As we diagonalize all the components of these boundary condition from eq. (15) to eq. (16), we now need to diagonalize the new boundary condition, which corresponds to eq. (3.13) of [9] . Note that due to the commutativity of [a z , az] = 0 as shown in eq. (3.14) of [9] , it is possible to diagonalize all the components of these boundary gauge fields. Once we obtain the diagonalized values, which should replace our eq. (17), then the rest of the calculation is straightforward and we can obtain the final partition function. However we will not proceed the rest of calculation here.
In this paper, we choose the principal embedding but it would also be interesting to study non-principal embedding and how the results are modified by that. Finally but no lastly, it is interesting to generalize our analysis to supergravity.
APPENDIX
Here, we derive the formula (18) from (12) . For (c, d) = (1, 0), we take a ϕ , a t E as (17) , and 
Here we change the product for m and n into l and m, where l = n − m from the second equality to the third equality. Finally, we rewrite the product as . LHS is products for diagonal elements and RHS is products for row elements.
